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Abstrat
The dimension of the kernels of the edth and edth-prime operators on losed, orientable spaelike
2-surfaes with arbitrary genus is alulated, and some of its mathematial and physial onsequenes
are disussed.
1
1 Introdution
The edth operator ð made its rst appearane in General Relativity in an artile by Newman and
Penrose [1℄ on the symmetry group of asymptotially at spaetimes. It was introdued as a partiular
dierential operator on the unit-sphere ating on spin-weighted funtions, i.e., setions of ertain omplex
line bundles over the sphere. In this paper and [2℄ the relationship of ð and its omplex onjugate
ounterpart ð
′
with the representation theory of the Lorentz group resp. SL(2,C) has been elaborated.
In partiular, the so alled spin weighted spherial harmonis on the sphere were introdued. Sine then,
the edth operator has been intensely studied and it has found numerous appliations in General Relativity
beause it provides a useful tool for all problems whih lead to ellipti tensor or spinor equations on the
sphere [3℄.
In [4℄ it was pointed out that ð and ð
′
are losely related to the ∂ and ∂¯ operators of omplex analysis.
In fat, this analogy an be used to dene ð and ð
′
on arbitrary ompat Riemann surfaes, the sphere
being merely the speial ase of a surfae with genus g = 0. The natural framework for this denition of
ð and ð
′
is the theory of omplex line bundles over Riemann surfaes.
Riemann surfaes with higher genus have many uses in onformal eld theories and string theory (see
e.g. [5, 6℄ for an introdution). In partiular, the disussion of higher genus blak holes (e.g., [7, 8℄)
has reently gained importane due to the adS/CFT onjeture whih asserts that supergravity in an
asymptotially adS (anti-de Sitter) spaetime orresponds to a onformal eld theory on the onformal
boundary of this spaetime in a ertain limit. Suh spaetimes admit blak holes with non-trivial topology
whih is aordingly reeted in the topology of their onformal boundary.
But also in the lassial theory of gravity do they make an appearane. E.g., when the Einstein
equations have been redued by symmetry assumptions to the Ernst equation, a ompletely integrable
system, then one an employ the methods known from soliton theory to produe exat solutions of the eld
equations whih are given in terms of higher genus Riemann surfaes and their assoiated theta-funtions
(see e.g. [9, 10, 11℄ for some appliations).
Our immediate motivation for the present paper arose from two dierent soures. Shmidt [12℄ has
presented a solution of the vauum Einstein equations whih has a onformal boundary with toroidal ross
setions. This solution has been very useful for tests of numerial odes solving Friedrih's onformal
eld equations [13, 14℄. The disussion of the asymptoti properties like e.g., their Bondi 4-momentum,
radiation eld and asymptoti symmetry group, of this and more general suh spaetimes neessarily
leads to the examination of ð equations on higher genus Riemann surfaes [15℄. One partiular problem
whih arises in this ontext is the question as to whether the Weyl tensor also neessarily vanishes on the
onformal boundary of these spaetimes. Reall [16℄, that this question an be answered to the armative
in the spherial ase beause a ertain ð equation has no non-trivial solution.
Another motivation omes from the onstrution of two-surfae observables (e.g. quasi-loal energy-
momentum and angular momentum) assoiated with spaelike 2-surfaes embedded in a spaetime [17℄.
While the quasi-loal onstrutions have been mainly arried out for the spherial ase, there is no reason
to believe that this should be the only possibility. Again, one is lead to solve equations of the type ðφ = ω
for given ω on a losed spaelike 2-surfae S. However, the struture of the solutions depends on the kernel
and okernel of the operator ð, whih in turn depends on the topology of the line bundle E whose ross
setion is φ. Sine the topology of E depends on the topology of S, to solve ertain physial problems
one should know the kernel and okernel of the edth operators on omplex line bundles E over 2-surfaes
that have more ompliated topology than that of S2.
In this paper, we do not intend to disuss the general theory of suh operators on omplex line
bundles. These issues are disussed in the basi monograph [18℄ in general. Rather, we onentrate on
the appliability of our results to General Relativity, motivated by the problems above. Thus, the line
bundles that we onsider are onneted with the spaetime struture. They arise as the bundles assoiated
with the spei bundle of the spaetime spin frames over the 2-surfae S. We regard them and various
strutures on them as being derived from the four-dimensional geometry.
2
The neessary bakground on the geometry of spaelike 2-surfaes and, in partiular, the spinor geome-
try of S an be found in [19, 20, 21℄, whih also ontain the alulation of dim kerð(p,q) and dimker ð
′
(p,q) for
S ≈ S2. Essentially that tehnique is used here to alulate these kernels also for higher-genus 2-surfaes.
Our onventions are those of [16℄ while our use of global dierential geometry is based on [22, 23, 24℄.
2 The geometry of losed spaelike 2-surfaes
It is known that for any onneted, losed, orientable two dimensional smooth manifold S the de Rham
ohomology spaes are H0(S) = H2(S) = R and H1(S) = Rg, where g is the genus of S. Let {ai, bi},
i = 1, . . . , g, be a anonial homology basis on S. These are losed non-ontratible urves on S, and for
the fundamental group of S we have
pi1(S) = 〈ai, bi| i = 1, . . . , g;
g∏
i=1
aibia
−1
i b
−1
i = 1 〉,
i.e. pi1(S) is generated by the 2g elements ai, bi with the only relation that the produt of all the
ommutants aibia
−1
i b
−1
i is homotopially trivial [25℄. Let qab be a (negative denite) metri on S, εab the
orresponding volume 2-form and δe the LeviCivita ovariant derivative. By the Hodge deomposition
every 1-form αa is the sum of a losed, a harmoni and an exat 1-form: αa = βa + ωa + δaf , where
δ[aβb] = 0, δ[aωb] = 0 and δaω
a = 0 hold, and f : S → R is some funtion. Furthermore, this deomposition
is unique, and hene, there are 2g linearly independent harmoni 1-forms on S [22℄. Any basis {αia, β
i
a},
i = 1, ..., g, in the spae of the (real) harmoni 1-forms an be uniquely haraterized by the four g × g
matriesM ij :=
∮
aj
αia, M
g+i
j :=
∮
aj
βia, M
i
g+j :=
∮
bj
αia andM
g+i
g+j :=
∮
bj
βia, and the 2g× 2g matrix
M IJ , I, J = 1, . . . , 2g, is nonsingular
1
. Another set of 1-forms, assoiated naturally with (S, qab) are the
onformal Killing 1-forms. They are dened by the vanishing of the symmetri trae-free part of their
ovariant derivative: δ(aξb) −
1
2qabδeξ
e = 0.
Next, suppose that S is embedded as a smooth spaelike submanifold in M (for a detailed disussion
of what follows, see [19, 20, 21℄). If ta and va are future timelike and spaelike unit normals to S satisfying
tava = 0, respetively, then Π
a
b := δ
a
b − t
atb + v
avb is the orthogonal projetion to S, and O
a
b := δ
a
b − Π
a
b
is the projetion to the timelike 2-planes orthogonal to S. Suh vetor elds are globally well dened if
S is orientable and at least an open neighbourhood of S in M is time and spae orientable. The indued
metri on S is qab := Π
c
aΠ
d
bgcd, and if εabcd is the natural volume form onM , then the indued area 2-form
and area element on S is εcd := t
avbεabcd and dS :=
1
2εcd, respetively. The area 2-form on the orthogonal
2-planes is
⊥εab := tavb− tbva. Then any four-vetor X
a
at the points of S an be deomposed in a unique
way into the sum of its tangential and normal parts as Xa = ΠabX
b+OabX
b
. This implies that V
a(S), the
restrition to S of the tangent bundle TM ofM , has the gab-orthogonal deomposition V
a(S) = TS⊕NS
into the sum of the tangent bundle TS and the (globally trivializable) normal bundle NS of S. By the
orientability of S the bundle of qab-orthonormal frames in TS is reduible to a B(S, SO(2)) prinipal
bundle, while the time and spae orientability of (M, gab) implies that the bundle of orthonormal frames
in the normal bundle NS is reduible to a B(S, SO(1, 1)) prinipal bundle. While the latter is always
trivial, the former is not. In partiular, if g = 0, i.e. S ≈ S2, then B(S, SO(2)) ≈ RP 3, but for g = 1, i.e.
for S ≈ S1 × S1, B(S, SO(2)) ≈ S × SO(2) ≈ S1 × S1 × S1. Therefore, the bundle of gab-orthonormal
frames with given time and spae orientation that are ompatible to the deomposition V
a(S) = TS⊕NS
is B(S, SO(2) × SO(1, 1)) ≈ B(S, SO(2)) +B(S, SO(1, 1)).
1
The 2g real harmoni forms an be ombined to form g holomorphi 1-forms, the so alled Abelian dierentials of the
rst kind. The real matrix M then orresponds to the omplex g × 2g-matrix of periods of the holomorphi dierentials.
This matrix an always be put into the form (1g |P ), where P is a symmetri omplex matrix with positive denite imaginary
part, the so alled Riemann matrix [25℄.
3
The spaetime Levi-Civita ovariant derivative ∇a denes a ovariant derivative on V
a(S) by δeX
a :=
ΠabΠ
f
e∇f
(
ΠbcX
c
)
+ OabΠ
f
e∇f
(
ObcX
c
)
. This derivative annihilates both the spaetime metri and the
projetions Πab and O
a
b ; and hene annihilates the intrinsi metri qab. Furthermore, it is symmetri:
(δcδd − δdδc)φ = 0 for any smooth funtion φ on S. Geometrially, δe is the ovariant derivative on
V
a(S) determined by a onnetion on the sum of the prinipal SO(2) and SO(1, 1) bundles above. The
ommutativity of the struture group SO(2)× SO(1, 1) implies that δe does not `mix' the tangential and
normal setions. In partiular, the onnetion oeient orresponding to the vertial part of the on-
netion an be represented by the 1-form Aa := Π
b
a(∇btc)v
c = vcδatc. The urvature of δa, dened by
−fabcdX
b := (δcδd − δdδc)X
a
, is
fabcd = −
⊥εab
(
δcAd − δdAc
)
+
1
2
SR
(
Πacqbd −Π
a
dqbc
)
, (2.1)
where
SR is the urvature salar of the intrinsi urvature of (S, qab). This is the sum of the urvatures
orresponding to the SO(1, 1)-onnetion on NS and the SO(2)-onnetion on TS.
Suppose that (M, gab) admits a spinor struture, and let S
A(S) be the pull bak to S of the bundle
of unprimed spinors over M . Let tAA′ , vAA′ be the spinor form of the normals to S, and let us dene
γAB := 2t
AA′vBA′ . This denes the bundle automorphism γ : S
A(S) → SA(S) : λA 7→ γABλ
B
, and
γAA = 0, γ
A
Bγ
B
C = δ
A
C hold. Thus γ
A
B has two eigenvalues, ±1, and pi
±A
B :=
1
2 (δ
A
B ± γ
A
B) are the
projetions of S
A(S) to the bundle SA±(S) of the ±1 (right handed/left handed) eigenspinors, respetively.
If oA is a left handed and ιA is a right handed spinor normalized by oAι
A = 1, then they form a GHP spinor
dyad [3℄ on S. The projetionΠab an be expressed by γ
A
B, too: Π
a
b =
1
2 (δ
A
Bδ
A′
B′−γ
A
B γ¯
A′
B′). Thus the area
2-form on S and on the orthogonal 2-planes, respetively, are εcd =
i
2 (γCDεC′D′ − γ¯C′D′εCD) and
⊥εcd =
− 12 (γCDεC′D′ + γ¯C′D′εCD). γAB = γ(AB) = 2o(AιB) an also be onsidered as a omplex bre metri on
S
A(S). pi±ab := pi
±A
B p¯i
∓A′
B′ are the projetions of the omplexied tangent bundle TS ⊗C (in fat, the
omplexied Lorentzian vetor bundle V
a(S)⊗C) to the sub-bundles T (1,0)S and T (0,1)S of the omplex
tangent vetors spanned by ma := oA ι¯A
′
and m¯a := ιAo¯A
′
, respetively, i.e. γAB determines the omplex
struture [24℄ of S, too. The analogous projetions o±ab := pi
±A
B p¯i
±A′
B′ dene respetively the two null
normals na := ιAι¯A
′
and la := oAo¯A
′
up to sale. The bundle of the GHP spinor dyads is a prinipal
bundle B˜(S, GL(1,C)), whih is a double overing bundle of B(S, SO(2) × SO(1, 1)). In partiular, if S
is a topologial 2-sphere, then B˜(S, GL(1,C)) ≈ S3 × (0,∞), and sine B(S, SO(2) × SO(1, 1)) is trivial
for g = 1, its overing B˜(S, GL(1,C)) is also trivial. The derivative δe extends naturally to S
A(S), by the
requirement that it should annihilate both εAB and γAB. For its urvature we obtain
fABcd = −
1
2
γAB
((
δcAd − δdAc
)
−
1
4
SR
(
εC′D′γCD − εCDγ¯C′D′
))
. (2.2)
We an dene the urvature salar of δe by f := fabcd
1
2 (ε
ab − i⊥εab)εcd = iγABf
B
Acdε
cd = SR −
2iδc(ε
cdAd), whih is four times the so-alled omplex Gauss urvature of [16℄. Then by the GaussBonnet
theorem
∮
S
f dS =
∮
S
SR dS = 8pi(1− g), and hene δe an be at only if S is a torus.
3 The line bundles E(p, q)
Let ρ(p,q) : GL(1,C)×C→ C : (λ, z) 7→ λ
−pλ¯−q z, whih is a left ation of GL(1,C) on C preisely when
p − q ∈ Z (although p+ q may be arbitrary omplex number, we assume that it is real), and let E(p, q)
denote the omplex line bundle assoiated to B˜(S, GL(1,C)) with the group representation ρ(p,q). E(p, q)
is alled the bundle of (p, q)-type salars over S. They have the following elementary properties [4, 26, 27℄
:
1. The omplex onjugate bundle is E(p, q) = E(q, p).
2. The tensor produt bundle is E(p, q)⊗ E(r, s) = E(p+ r, q + s).
3. E(p, p) is a trivial vetor bundle for any p ∈ R, and all the E(p, q)'s are trivial over the torus
S ≈ S1 × S1. Note that the trivial vetor bundles admit nowhere vanishing setions.
4. For any xed, nowhere vanishing setion h of E(1, 1),
〈φ, ψ〉(p,q) :=
∮
S
|h|−(p+q)φψ¯ dS (3.1)
denes a positive denite Hermitian salar produt on the (innite dimensional) vetor spaeE∞(p, q)
of the smooth setions of E(p, q). Suh a setion might be, for example, the everywhere positive
funtion h := tAA′o
Ao¯A
′
.
5. E∞(0, 0) = C∞(S,C), and for the spinor bundle SA(S)→ E(1, 0)⊕E(−1, 0) : ωA 7→ (ωAoA, ω
AιA)
is a vetor bundle isomorphism.
6. For the omplexied tangent and normal bundles TS⊗C→ E(1,−1)⊕E(−1, 1) :Xa 7→ (Xama, X
am¯a)
and NS ⊗ C→ E(1, 1)⊕ E(−1,−1) : V a 7→ (V ala, V
ana) are vetor bundle isomorphisms.
7. For the omplex struture Λ(1,0)T ∗S ≃ T (0,1)S → E(1,−1) : z˜a 7→ z˜ama and Λ
(0,1)T ∗S ≃ T (1,0)S →
E(−1, 1) : za 7→ zam¯a and are vetor bundle isomorphisms. Λ
(1,0)T ∗S, spanned by the dierential
of the holomorphi oordinates, is alled the anonial bundle of the Riemann surfae S [18℄.
The ovariant derivative δa on S
A(S) denes a ovariant derivative ða of φ ∈ E
∞(p, q) for any p, q ∈ Z by
ðeφ := δe(φι
A1 . . . ιAmoB1 . . . oBn ι¯
C′
1 . . . ι¯C
′
r o¯D′
1
. . . o¯D′s)oA1 . . . oAmι
B1 . . . ιBn o¯C′
1
. . . o¯C′r ι¯
D′
1 . . . ι¯D
′
s , (3.2)
where m,n, r, s = 0, 1, 2, . . . suh that p = m− n and q = r − s. If p ∈ (0, 1), then let ða be the ovariant
derivative on E∞(p, p) for whih ða(φ
1/p) = 1pφ
1−p
p
ðaφ for any φ ∈ E
∞(p, p). Then by the Leibniz rule
and property 2. above ða an be extended to E(p, q) for any p, q ∈ R satisfying p−q ∈ Z. The urvature of
ða on E(p, q), dened by −Fabv
awbφ := vaða(w
b
ðbφ)−w
a
ða(v
b
ðbφ)− [v, w]
a
ðaφ, is Fab =
i
4 (−pf+qf¯)εab,
and hene the integral of the rst Chern lass of E(p, q) is c1(p, q) := −
∮
S
i
4piFab = −(p − q)(1 − g). In
partiular, the vanishing of c1(p, q) haraterizes the trivial line bundles, and for the anonial bundle it
is c1(1,−1) = 2(g − 1), in aordane with [18, pp.110℄.
The ovariant diretional derivatives, ðφ := meðeφ and ð
′φ := m¯eðeφ, the edth and edth-prime
operators, are ellipti dierential operators ð : E∞(p, q)→ E∞(p+ 1, q − 1) and ð′ : E∞(p, q)→ E∞(p−
1, q+1), and hene, beause of the ompatness of S, their kernel is nite dimensional [22, 23℄. The formal
adjoint of the edth and edth-prime operators with respet to the Hermitian salar produt 〈.|.〉(p,q) above
are
(ð(p,q))
† = −|h|(p+q)ð′(−q+1,−p−1)|h|
−(p+q),
(ð′(p,q))
† = −|h|(p+q)ð(−q−1,−p+1)|h|
−(p+q).
(3.3)
They are also ellipti, and hene the analyti index of the edth and edth-prime operators, dened by
ind(ð(p,q)) := dimker ð(p,q) − dimker (ð(p,q))
†
and ind(ð′(p,q)) := dimker ð
′
(p,q) − dim ker (ð
′
(p,q))
†
, are nite
[22, 23℄. In terms of these notions the RiemannRoh theorem of the theory of Riemann surfaes [18,
pp.111℄ takes the form
ind(ð(p,q)) = (1 + p− q)(1 − g),
ind(ð′(p,q)) = (1− p+ q)(1 − g),
(3.4)
whih are just Baston's formulae [27℄.
5
For any real 1-form ωa one has ω := ωam
a ∈ E∞(1,−1) and ω¯ := ωam¯
a ∈ E∞(−1, 1); and
2δ[aωb]m
am¯b = ðω¯ − ð′ω, 2δ(aωb)m
am¯b = ðω¯ + ð′ω and (δaωb)m
amb = ðω hold. Therefore, ωa is a
real harmoni 1-form i ð
′ω = 0, and ωa is (the dual of) a real onformal Killing vetor i ðω = 0.
A ross setion φ of E(p, q) is alled holomorphi/anti-holomorphi if ð′φ = 0 or ðφ = 0, respetively.
The point P ∈ S is said to be the zero of the holomorphi setion φ with order m if φ and its rst
(m − 1) ð-derivatives vanish at P , but its mth ð-derivative is not zero there. It is not diult to show
that P is a zero of the holomorphi ross setion φ with order m if and only if there is a holomorphi
setion ψ and a holomorphi funtion f on some open neighbourhood W ⊂ S of P suh that φ = fψ
and ψ is nonzero on W and f has a single zero with order m at P . The meromorphi/anti-meromorphi
setions are dened analogously with the only dierene that we allow them to have isolated poles. The
order of the pole P ∈ S of the meromorphi setion φ is dened to be n if for some holomorphi funtion
f , dened on an open neighbourhood W of P and having P as a zero with order n, fφ is holomorphi
on W , while it is not holomorphi for funtions f ′ whose zero at P is only of order n′ < n. Note that
by the ompatness of S the meromorphi setions have nitely many zeros and poles. The degree of a
meromorphi setion φ of E(p, q) with zeros of order m1, . . . ,mk and poles of order n1, . . . , nl is dened
by deg(φ) :=
∑k
i=1mi−
∑l
j=1 nj . By a theorem of the theory of Riemann surfaes [18, pp.103℄ this degree
depends only on the line bundle: deg(φ) = c1(p, q). In the analogous statement on the anti-meromorphi
setions ψ of E(p, q) one has the rst Chern lass of the omplex onjugate bundle: deg(ψ) = c1(q, p).
4 The alulation of dimkerð(p,q) and dimkerð
′
(p,q)
We alulate the dimension of the kernels using basially the tehnique of the appendix of [20℄. Thus rst
we reall the basi formulae. As a onsequene of the similarity transformations (3.3) between (ð(p,q))
†
and ð
′
(−q+1,−p−1) and between (ð
′
(p,q))
†
and ð(−q−1,−p+1), the dimension of the kernel spaes of (ð(p,q))
†
and ð
′
(−q+1,−p−1), and of (ð
′
(p,q))
†
and ð(−q−1,−p+1) are the same. By substituting these into Baston's
formulae (3.4) above, we obtain
dimker ð(p,q) =
(
1 + p− q
)
(1− g) + dimker ð′(−q+1,−p−1),
dimker ð′(p,q) =
(
1− p+ q
)
(1− g) + dimker ð(−q−1,−p+1).
(4.1)
By the Leibniz rule ð(p+p′,q+q′)(φψ) = ψð(p,q)φ+ φð(p′,q′)ψ for any φ ∈ E
∞(p, q) and ψ ∈ E∞(p′, q′), one
has the inequality
dim kerð(p+p′,q+q′) ≥ max
{
dimker ð(p,q), dimkerð(p′,q′)
}
(4.2)
whenever
(
dimkerð(p,q)
)
·
(
dimkerð(p′,q′)
)
6= 0. There is a similar inequality for the edth-prime operator.
Finally, the last ingredient that we need is
dimker ð(0,0) = dim kerð
′
(0,0) = 1, (4.3)
whih is just the generalized Liouville theorem [18, pp.6℄: Every holomorphi/anti-holomorphi funtion
on a ompat Riemann surfae is onstant. Then by (4.2) and (4.3)
(
dimker ð(p,q)
)(
dimker ð(−p,−q)
)
= 0 or dim ker ð(p,q) = dim kerð(−p,−q) = 1,(
dimker ð′(p,q)
)(
dimker ð′(−p,−q)
)
= 0 or dim ker ð′(p,q) = dimker ð
′
(−p,−q) = 1,
(4.4)
for any p, q ∈ R, p− q ∈ Z.
First let us onsider the trivial bundles, i.e. q = p or g = 1, and x a holonomially trivial ovariant
derivative 0ða on E(p, q). [To see that suh a onnetion exists, reall that there are at onnetions
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on the orresponding prinipal bundles, and their holonomy groups, being homomorphi images of the
fundamental group pi1(S) in the struture group, are disrete [24℄. Let B˜ be any of these prinipal
bundles, and ω˜a the onnetion 1-form of the at onnetion. Let us x a anonial homology basis
{ai, bi}, i = 1, . . . , g, of S, let h˜(ai), h˜(bi) denote the orresponding holonomies, and dene the onnetion
1-form ωa := ω˜a + (Ai + iBi)α
i
a + (Ci + iDi)β
i
a, where Ai, Bi, Ci and Di, i = 1, . . . , g, are real onstants,
and let {αia, β
i
a} be a basis of the real harmoni 1-forms on S. Then ωa is also at, and the orresponding
holonomies along aj and bj, respetively, are h(aj) = h˜(aj) + (Ai + iBi)
∮
aj
αia + (Ci + iDi)
∮
aj
βia =
h˜(aj) + (Ai + iBi)M
i
j + (Ci + iDi)M
g+i
j and h(bj) = h˜(bj) + (Ai + iBi)
∮
bj
αia + (Ci + iDi)
∮
bj
βia =
h˜(bj) + (Ai + iBi)M
i
g+j + (Ci + iDi)M
g+i
g+j . Sine M
I
J , I, J = 1, . . . , 2g, is nonsingular, there exist
(uniquely determined) onstants Ai, Bi, Ci and Di suh that h(ai) = 0 and h(bi) = 0.℄ Then for
some globally dened real 1-forms Va, Za on S one has ðaφ = 0ðaφ + p(Va + iZa)φ + q(Va − iZa)φ for
any φ ∈ E∞(p, q). Let φ0 ∈ E
∞(p, q) be onstant with respet to 0ða, whih is neessarily nowhere
vanishing. Then any smooth ross setion of E(p, q) an be written as φ = fφ0 for some f ∈ E
∞(0, 0),
thus its edth- and edth-prime derivatives are ðφ = (ðf + pma(Va + iZa)f + qm
a(Va − iZa)f)φ0 and
ð
′φ = (ð′f+pm¯a(Va+iZa)f+qm¯
a(Va− iZa)f)φ0, respetively. However, by (4.3) there is a one parameter
family of solutions to ðf + pma(Va + iZa)f + qm
a(Va − iZa)f = 0, and another family of solutions to
ð
′f ′ + pm¯a(Va + iZa)f
′ + qm¯a(Va − iZa)f
′ = 0, therefore dimker ð(p,q) ≥ 1 and dim kerð
′
(p,q) ≥ 1. Then,
however, (4.4) implies that
dim kerð(p,q) = dimker ð
′
(p,q) = 1 if (p− q)(1 − g) = 0. (4.5)
Therefore, in partiular, on the tori the edth and edth-prime operators have one dimensional kernels,
independently of the type (p, q) of the line bundle. These kernel and okernel spaes an be visualized by
drawing the sequene of the edth operators between the various line bundles (Fig. 1).
· · · E(p− 2, q + 2)E(p− 1, q + 1) E(p, q) E(p+ 1, q − 1)E(p+ 2, q − 2) · · ·
✲ ✲ ✲ ✲ ✲
ð ð ð ð ð
✛✛✛✛✛ð
†
ð
†
ð
†
ð
†
ð
†
r❳❳❳❳❳❳1
r❳❳❳❳❳❳1
r❳❳❳❳❳❳1
r❳❳❳❳❳❳1
r❳❳❳❳❳❳1
r❳❳❳
❳❳❳
1
r❳❳❳
❳❳❳
1
r❳❳❳
❳❳❳
1
r❳❳❳
❳❳❳
1
r❳❳❳
❳❳❳
1
Figure 1: The sequene of line bundles and the edth and the adjoint-edth operators on the torus. The
vertial lines represent the spaes of the smooth setions of the line bundles, and a piee of them, the
kernels, are mapped into the zero of the next spae, but not every setion has a pre-image in the previous
spae. In partiular, on the torus the kernel and okernel spaes of the edth operators are 1 dimensional.
The kernel and okernel of the adjoint-edth operator is just the okernel and kernel of the edth, respetively.
Although dim kerð(p,q) and dimker ð
′
(p,q) have been alulated for g = 0 in the Appendix of [20℄,
here we give a onsiderably simpler alulation of them. Thus let p ∈ R and n ∈ N. Then by (4.1)
one has dimker ð(−p+n,−p) = 1 + n + dimker ð
′
(p+1,p−n−1) ≥ 1 + n and dimker ð
′
(−p,−p+n) = 1 + n +
dimker ð(p−n−1,p+1) ≥ 1 + n. Thus by (4.4)
dimkerð(p−n,p) = dimker ð
′
(p,p−n) = 0 (4.6)
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for any p ∈ R and n ∈ N. Substituting this bak to (4.1) we get
dimker ð(p+n,p) = dimker ð
′
(p,p+n) = 1 + n. (4.7)
(4.5) (for q = p), (4.6) and (4.7) give the omplete list of the dimension of the kernel spaes of ð and
ð
′
on the spheres (see also [4℄). The line bundles and the edth operators form two sequenes, the one
in whih p − q is even (i.e. if the spin weight is integer, the `tensorial sequene'), and in whih p − q is
odd (half-integer spin weight, the `spinorial sequene'). These are shown by Fig. 2 and 3 in the ase of
vanishing boost weight: p+ q = 0.
· · · E(−2, 2) E(−1, 1) E(0, 0) E(1,−1) E(2,−2) · · ·
✲ ✲ ✲ ✲ ✲
ð ð ð ð ð
✛✛✛✛✛ð
†
ð
†
ð
†
ð
†
ð
†
r
❭
❭
❭
❭
❭
❭
❭
5
r
❩
❩
❩
❩
❩❩
3
r❳❳❳❳❳❳1
r❳❳❳
❳❳❳
1
r❩
❩
❩
❩
❩❩
3
r❭
❭
❭
❭
❭
❭
❭
5
Figure 2: The tensorial series for g=0 and vanishing boost weight: p+ q = 0. The operator ð is injetive
only for negative spin weights (p < q), and surjetive only for non-negative spin weights (p ≥ q). Thus in
the tensorial series ð and ð
′
are never isomorphisms.
· · · E(−
3
2 ,
3
2 ) E(−
1
2 ,
1
2 ) E(
1
2 ,−
1
2 ) E(
3
2 ,−
3
2 ) · · ·
✲ ✲ ✲ ✲
ð ð ð ð ð
✛✛✛✛ð
†
ð
†
ð
†
ð
†
ð
†
r❍❍❍❍❍❍
2
r
❅
❅
❅
❅
❅
❅
4
r❍❍
❍❍
❍❍
2
r❅
❅
❅
❅
❅
❅
4
Figure 3: The spinorial series for g = 0 in the ase of vanishing boost weight. ð is injetive for negative
spin weights, and surjetive for spin weights greater than or equal to − 12 . Thus ð is isomorphism preisely
between E(p, p+ 1) and E(p+ 1, p).
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Finally, let g ≥ 2. By (4.1)
dim kerð(p,p+n+1) = n(g − 1) + dim kerð
′
(−p−n,−p−1),
dimker ð′(p,p−n−1) = n(g − 1) + dim kerð(−p+n,−p+1)
(4.8)
for any n ∈ {0} ∪ N and p ∈ R. Then for n ≥ 2 and any p ∈ R these, and for n = 1 and any p ∈ R
these and (4.5) imply dimker ð(p,p+n+1) ≥ 2 and dimker ð
′
(p,p−n−1) ≥ 2. Therefore, by (4.4) it follows
that dimker ð(p,p−n−1) = dimker ð
′
(p,p+n+1) = 0 for any n ∈ N and p ∈ R. However, this implies that
dimker ð(p,p−n) = dimker ð
′
(p,p+n) = 0 (4.9)
for any n ∈ N and p ∈ R, too. To see this, suppose, on the ontrary, that e.g. dim kerð(p,p−1) ≥ 1 for
some p ∈ R. Then by (4.2) this would imply that dimker ð(2p,2p−2) ≥ 1. Substituting (4.9) bak to (4.8)
we obtain
dimker ð(p,p+n+1) = dimker ð
′
(p,p−n−1) =
{
g if n = 1
n(g − 1) if n ≥ 2
(4.10)
for any n ∈ N and p ∈ R. Note that for g ≥ 2 the RiemannRoh theorem, more preisely, (4.8) for
n = 0, states only that two unknown dimensions are equal: dimker ð(p,p+1) = dimker ð
′
(−p,−p−1). Thus to
alulate them let us hoose a real harmoni 1-form ωa and dene the map ω¯ : ker ð(0,1) → ker ð(−1,2) : φ 7→
ω¯φ. Obviously, this is injetive. By (4.10) dimker ð(−1,2) = 2(g−1), and deg(ν) = c1(−1, 2) = 3(g−1) for
any ν ∈ ker ð(−1,2), whilst deg(ω¯) = c1(−1, 1) = 2(g−1). Thus the quotient ν/ω¯ an be holomorphi only
if the zeros of ω¯ are ompensated by the zeros of ν, hene the map ω¯ is not surjetive. Its okernel is 2(g−1)
dimensional, and hene dimker ð(0,1) = dimker ð
′
(1,0) = g − 1. Finally, sine by dimker ð(p,p) = 1 we have
dimker ð(p,p+1) ≥ max{dimker ð(0,1), dimker ð(p,p)} = g − 1. On the other hand, by dimker ð(−p,−p) = 1
we have g − 1 = dimker ð(0,1) ≥ max {dimker ð(p,p+1), dimker ð(−p,−p)} = dimker ð(p,p+1). Therefore,
dim kerð(p,p+1) = dimker ð
′
(p+1,p) = g − 1 (4.11)
for any p ∈ R. For g ≥ 2 (4.5), (4.9)(4.11) is the omplete list of the dimension of the kernel spaes of
the edth and edth-prime operators. The tensor- and spinor sequenes of the edth operators are shown by
Fig. 4 and 5, respetively.
· · · E(−2, 2) E(−1, 1) E(0, 0) E(1,−1) E(2,−2) · · ·
✲ ✲ ✲ ✲ ✲
ð ð ð ð ð
✛✛✛✛✛ð
†
ð
†
ð
†
ð
†
ð
†
r
❭
❭
❭
❭
❭
❭
❭
3(g − 1)
r
❩
❩
❩
❩
❩❩
g
r❳❳❳❳❳❳1
r❳❳❳
❳❳❳
1
r❩
❩
❩
❩
❩❩
g
r❭
❭
❭
❭
❭
❭
❭
3(g − 1)
Figure 4: The tensorial series for g > 1. Note, that we have restrited ourselves to the ase of vanishing
boost weight.
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· · · E(−
3
2 ,
3
2 ) E(−
1
2 ,
1
2 ) E(
1
2 ,−
1
2 ) E(
3
2 ,−
3
2 ) · · ·
✲ ✲ ✲ ✲
ð ð ð ð ð
✛✛✛✛ð
†
ð
†
ð
†
ð
†
ð
†
r
❅
❅
❅
❅
❅
❅
2(g − 1) r❍❍❍❍❍❍
g − 1
r❍❍
❍❍
❍❍
g − 1
r❅
❅
❅
❅
❅
❅
2(g − 1)
Figure 5: The spinorial series for g > 1 in the ase of vanishing boost weight.
5 Disussion
The gures show learly that g = 1 is a natural division between the spherial ase (g = 0) and the higher
genus surfaes. While on the sphere, the edth operator has non-trivial kernels for p ≥ q, on the surfaes
with higher genus the kernels are non-trivial for p ≤ q. This is obviously related to the fat that on the
sphere there exist onformal Killing vetors but no harmoni forms, while for g ≥ 2 there are harmoni
forms but no onformal Killing vetors. On the torus there is exatly one omplex one of eah. In fat,
by (4.5), (4.7) and (4.9) the number of the independent real onformal Killing vetors is six on S2, two on
S1 × S1 and zero on surfaes with genus g ≥ 2. Similarly, by (4.5), (4.7) and (4.10) dimker ð′(1,−1) = g,
i.e. there are g holomorphi 1-forms on a surfae with genus g whih an be ombined with their (anti-
holomorphi) omplex onjugates to yield the 2g real harmoni 1-forms whose existene is guaranteed by
the Hodge deomposition.
It is well known that in the ase g = 0 the kernel of ð( 1
2
,− 1
2
) serves as a building blok for the kernels
of ð(s,−s) with 2s ∈ N in the sense that if {α1, α2} is a basis in ker ð( 1
2
,− 1
2
) then {α
2s
1 , α
2s−1
1 α2, . . . , α
2s
2 }
is a basis in ker ð(s,−s). Similarly, on the torus dimker ð(p,q) = 1 for any p, q, thus if α ∈ ker ð( 1
2
,− 1
2
)
and β ∈ ker ð(− 1
2
, 1
2
), then α
2s
spans ker ð(s,−s) and β
2s
spans ker ð(−s,s). If, however, g = 2 then
dimker ð(− 1
2
, 1
2
) = 1, but dimker ð(−s,s) ≥ 2 for s ≥ 1, 2s ∈ N, and hene the elements of ker ð(−s,s) annot
be generated by the single independent element of ker ð(− 1
2
, 1
2
).
To understand the geometri roots of this dierene between the g ≤ 1 and g ≥ 2 ases, reall that
the elements of ker ð(1,−1) orrespond to globally dened onformal Killing vetors, whih generate global
group ations on S. Then ker ð( 1
2
,− 1
2
) is the representation spae of the double overing group of this
symmetry group, and hene any irreduible representation of the symmetry group is build from ð( 1
2
,− 1
2
).
On S2 this group is SL(2,C), on S1 × S1 it is U(1) × U(1), but there is no suh group on higher-genus
2-surfaes. The harmoni 1-forms, whih orrespond to the elements of ker ð(−1,1), do not generate any
suh group ation on S, and in lak of suh a group struture the spaes ker ð(− 1
2
, 1
2
) and ker ð(−s,s) annot
be expeted to be related as (dierent weight) representation spaes of a group.
Yet, it is obvious that for any holomorphi 1-form ω ∈ ker ð(−1,1) and any α ∈ kerð(−s,s) we have
ωα ∈ kerð(−s−1,s+1) so that the holomorphi 1-forms do in fat map the kernels into eah other. So the
question arises as to whether one an obtain all the elements in ker ð(−s,s) for s ∈ N as linear ombinations
of the s-fold produts of the g holomorphi 1-forms. However, this annot be true in general beause it is
easy to see that in the ase of hyper-ellipti Riemann surfaes with genus g ≥ 3 (see [25℄) these produts
are not suient to span the entire kernel beause they satisfy too many linear relations. But these are
the only exeptions: a rather deep result in the theory of Riemann surfaes of higher genus, the theorem
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of Noether [25℄ states that, exept for these speial ases, the kernels ker ð(−s,s) in the tensorial series, i.e.,
for s ∈ N are generated by the s-fold produts of holomorphi 1-forms. It would be interesting to have a
similar result for the spinorial series.
To solve the equation ð(p,q)φ = ω for φ with given ω, the ross setion ω ∈ E
∞(p + 1, q − 1) must
belong to the range of ð(p,q), i.e. ω must be orthogonal (with respet to (3.1)) to ker (ð(p,q))
†
. Then there
is a unique solution φ if that is hosen to be orthogonal to ker ð(p,q). In fat, ð is a ontinuous linear
operator with respet to the standard Sobolev norms on E∞(p, q) and E∞(p + 1, q − 1), and hene it is
a Fredholm operator. Then this riterion of the solvability of ð(p,q)φ = ω is just the Fredholm alternative
theorem (see [23℄).
In partiular, to answer the question posed in the introdution on the vanishing of the Weyl tensor on
the onformal boundaries with higher genus topology, we note that this leads to the equation ðφ = 0 for
φ ∈ E∞(4, 0). While for g = 0 the appropriate kernel is trivial, this is not the ase if g ≥ 1. Then there
are non-trivial solutions so that the Weyl tensor does not neessarily vanish on toroidal (and other higher
genus) null-innities.
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